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x dx dx Ž . the distributed and boundary controls respectively. The problem with a nontrivial Ž . Ž . Ž . function f t and t s 0 was studied in our recent joint work using the spectral decomposition method. The approach was based on the recent results of one of the authors on the spectral analysis of the nonselfadjoint dynamics generator of the system. It was shown that the system is controllable in a time T which is equal to 1 w x twice the time it takes for a wave to travel between the ends of the interval 0, a . In the present paper, we investigate the conditions on the force profile functions Ž . Ž j. Ž . g x , g x , j s 1, 2, . . . , m, under which the control time can be reduced. Namely, Ž .
Ž . in case a , we give the sufficient conditions on g x under which the combination Ž . Ž . of two controls f t and t allows us to reduce the control time twice. In case Ž .
Ž j. Ž . b , we give the sufficient conditions on the force profile functions g x , j s 1, 2, . . . , m, under which the control time is equal to T rm. In the proofs of 1 these results, we use the generalization of the approach suggested by Russell for the boundary controllability of the undamped wave equations.
INTRODUCTION
In this paper, we continue to study the controllability problem for the w x damped wave equation initiated in the works 1᎐7 . We consider the one-dimensional wave equation which governs the vibrations of a string with spatially nonhomogeneous damping, modulus of elasticity, and density coefficients. The equation is defined on a finite interval with linear first-order nonselfadjoint boundary conditions containing damping terms. As was already mentioned, this paper is an extension of the results from w x 1 . All necessary facts from different sources are collected in Section 2, w x and all new results are proven in Sections 3 and 4. We recall that in 1 we used the method of spectral decomposition to construct the control law that brings the system to rest in a specific finite time. The control law was implemented through the distributed forcing term of Ž . Ž . Ž . Ž . the form g x f t , where g x was the force profile function and f t was the control. We gave the necessary and sufficient conditions on the initial data and the force distribution function under which the construction of the desired control was possible and then gave the explicit formula for the control.
In this paper, we consider two important extensions of the results from w x 1 . First, we consider the boundary control combined with the aforementioned distributed control, and second, we examine more general distributed control, i.e., the case where the distributed control is implemented Ž . m Ž j. Ž . Ž . through the forcing term of the form F x, t s Ý g x f t , where js1 j Ž j. Ž . Ž . g x are the force profile functions and f t are the controls. We recall j w x that in 1 , it was shown that there exists a special time 2T , such that 0 generally the given initial state cannot be steered to zero in the time w x interval 0, T if T -2T . This particular value was given explicitly in 0 terms of the coefficients of the problem. We define 2T as twice the time 0 it takes for the wave to travel from one end of the finite string to the other.
Our principal question is: Do there exist boundary and distributed controls Ž . or their combinations which allow us to reduce T ? This question is of 0 critical importance in many applications where asymptotic stabilization is simply too slow, for example, rotor vibrations in helicopters, and in many applications featuring thin rotating disks.
The main result of the present paper consists of the following. Combining the boundary and the distributed controls, we show that it is possible to reduce the time interval; i.e., under certain conditions, the initial state can be steered to zero in time T -2T . Moreover, by choosing appropriate 0 controls, we can reduce the control time as many times as desired. To give the precise formulation of our results, we have to recall the problem.
Our main object of interest is the wave equation
where L is the Sturm᎐Liouville operator defined on smooth functions by the formula
Ž . Ž . Equation 1.1 describes the forced motion of a string with density x , Ž . with modulus of elasticity p x , and subject to an external harmonic force Ž . Ž . with rigidity q x and in the presence of viscous damping 2 d x . Precise conditions on all coefficients and the specific form of the distributed Ž . control F x, t will be formulated later.
Ž . We assume that u x, t satisfies the initial conditions
and the following two-parameter family of boundary conditions:
Ž .
Ž . w x t is called an admissible boundary control function on the interval 0, T 2 Ž . if g L 0, T . Depending upon the values of the parameters h and k, Ž . conditions 1.4 with s 0 describe different physical phenomena which are briefly mentioned below. In the case h s ϱ and k s ϱ, we have homogeneous Dirichlet boundary conditions, which correspond to a string Ž . clamped at the ends. If k s 0 or h s 0 , we have the Neumann boundary Ž . conditions, which corresponds to a string with a free left or right end. At the right end, for h s 1, we have the Sommerfeld radiation boundary condition. This condition combined with k s ϱ is used to describe the resonance phenomenon in the scattering of acoustical waves on a semi-infinite string. The boundary conditions with k s y1 and h s 1 are used in the description of the resonance phenomenon in the scattering of acoustical waves on the entire axis by an obstacle concentrated on the interval w x 0, a . w x Ž . We recall that in 1 , we studied the case where s 0 and F x, t s Ž . Ž . Ž . be steered to zero. Generally, this value T cannot be reduced if x s 0 0 Ž . and the distributed control is taken in the separable form F x, t s Ž . Ž . g x f t .
In the present paper, we are interested in the following two problems.
Ž . Ž . Problem 1. Let initial conditions 1.3 be given and let F x, t s Ž . Ž .
2 Ž . g x f t . Do there exist a distributed control f g L 0, T and boundary 2 Ž . Ž . Ž . control g L 0, T such that the solution of problem 1.1 ᎐ 1.4 satisfies the following additional conditions at the moment t s T :
Our results for Problem 1 can be considered a generalization of the w x classic results of Russell 8᎐12 , who solved the above controllability problem for the one-dimensional wave equation without damping terms. The main difference between the damped wave equation and the undamped one is the fact that for each h and k, the dynamics generator for Ž . Ž . problem 1.1 ᎐ 1.4 is a nonselfadjoint operator, for which the spectral theory has only recently been developed. Our solution is based on the w x recent results obtained by Shubov 13᎐19 , who showed that the system of eigenvectors and associated vectors of the aforementioned nonselfadjoint operator forms a Riesz basis in the corresponding energy space. In the present paper, we also need the spectral results on the nonselfadjoint quadratic operator pencils associated to the aforementioned dynamics w x generators. In 17 , it was shown that the systems of the generalized eigenfunctions of these pencils form the Riesz bases in a specific weighted In the next section, we give the necessary and sufficient conditions under which the aforementioned problems can be solved. In Section 3, we derive the moment problem relevant to the controllability problem, and we prove our main results.
AUXILIARY PROPOSITIONS AND FORMULATIONS OF MAIN RESULTS
In this section, we formulate the main results of the paper. Before we give these results, we have to recall the necessary information from papers w x 16᎐18 on the spectral properties of nonselfadjoint quadratic operator Ž . Ž . pencils generated by problem 1.1 ᎐ 1.4 . The aforementioned spectral information will be used in the formulation of the control-theoretical results.
First, we introduce the assumption about the coefficients
Ž .
For real h and k,
We use the notation W l l for the Sobolev space of the functions having Ž . We consider the nonselfadjoint quadratic operator pencil P P given h k by the formula 2 w x P P y s yLy y 2 id x y q y,
where L is given in 1.2 . The pencil is defined on the domain
Ž . We say that is an eigenvalue of the pencil P P if the problem Ž . ଙ Ž . eigenfunctions of P P . We also need the adjoint pencil P P which is
given by the formula
where L is given in 1.2 . The pencil P P is defined on the domain
Ž . Note that there are two reasons for P P to be nonselfadjoint. Namely, respectively.
In our first statement, we describe the properties of the sets of the root Ž . vectors eigenvectors and associated vectors together of these pencils in a certain weighted L 2 -space. To introduce this space, we have to consider Ž . the eigenvalue equation from 2.6 in the extended interval. As was done w x Ž Ž . ଙ Ž . . in 17 , we will consider both equations P P u s 0 and P P u s 0 in
To extend the equations, we assume that the coefficients satisfy the following conditions:
w x Combining the results from our papers 13, 17 , we formulate the following proposition.
Ž . ଙ Ž . THEOREM 2.1. 1 Both pencils P P and P P ha¨e purely dis- 
In addition, the following estimates hold: 
Ä h k 4 can be split into two subsets: j . The first subset conn n) 0 n n-0 Ž . tains the eigenvalues with positive real parts we number them by n ) 0 and the second subset contains the eigenvalues with negative real parts Ž . n -0 ; i.e., the entire spectrum ⌳ can be represented in the form
If Im h s 0, there may be a finite number of purely imaginary eigenvalues. Nevertheless, the splitting, similar to the aforementioned one, is also Ž w x . possible for the details we refer to 17, pp. 298, 299 . Having the partition Ž . of the spectrum, we can split the set of root functions of P P into two h k subsets:
In a similar way, the set of root vectors of P P splits into two parts, ᑠ The next result is important for control-theoretical applications. It does w x not follow directly from papers 13᎐18 . It requires some proof. Below, we give the formulation of the result and its proof will be postponed to Section 4. To formulate our next result, we need a set of sequences defined below.
, and g with ‫ގ‬ being the n ng ‫ގ‬ n ng ‫ގ‬ n ng ‫ގ‬ n ng ‫ގ‬ set of the positive integers, be the following Fourier coefficients:
L 0, a n n n n n n 2.14 Ž .
Ž . Ä 4 b Let ␣ be the following sequence:
Ž . Ä 4 c Let us introduce a set of functions by the rule We introduce this restriction only for one reason: to simplify the investigation of the solvability of the moment problem which will appear in Section 3. As a result, we will have a solution of that problem in L 2 Ž .
0
Now we are in a position to formulate the main results of the paper. The second result is concerned with the problem in which there is no boundary control but the distributed control is given in the special form Ž .
Ž . THEOREM 2.4. Assume that the force profile function g x in Problem 1 has an expansion with respect to the Riesz basis that is biorthogonal to ᑠ
Ž . 
Introduce m sequences of complex numbers:
MOMENT PROBLEM
In this section, we make the first necessary step towards the proofs of our main results-Theorems 2.4 and 2.5. Here, we will use the approach w x suggested by Russell 8, 10 for the problems without damping. Following this approach, we derive a certain moment problem and then prove the unique solvability of this problem. To derive the aforementioned moment problem, we need an auxiliary initial᎐boundary value problem which we introduce below. For the convenience of the reader, we reproduce now the original problem and formulate the auxiliary problem.
So, our main problem is the following:
Our auxiliary problem is the following:
The two problems are different not only because the second problem does Ž Ž . Ž . . not have forcing terms F x, t s t s 0 , but also because there is a Ž . different sign before the damping term in Eq. 3.4 and there are different Ž . boundary conditions in Eq. 3.5 .
To prove our main results, we will use Theorem 2.2. According to this Ä ଙ 4 ଙ Ž . theorem, the set of root vectors of the pencil P P forms a n ng ‫ގ‬ h k 2 Ž . Riesz basis in the space L 0, a . We make use of this powerful property to derive the moment problem.
Ž .
Ž 
n n n n n ଙ Ž . which is equivalent to the following equation for x : 
On the next step, we return to the moment problem 4. 
c The following asymptotic relation holds:
Ž . n n Ž . Using condition a , we can extend the operator I q V from the subspace 2 Ž . Ž . y1 ᑧ to the whole space L 0, 2 keeping the property that I q V exists.
Thus, we obtain that there exists bounded and boundedly invertible 2 Ž . operator I q V in L 0, 2 which transforms the orthonormal basis Ž . ones that we did in the proof of Statement 1 , we achieve the result of Ž . Statement 2 .
The theorem is shown.
